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SOME MULTI-STEP ITERATIVE METHODS FOR SOLVING
NONLINEAR EQUATIONS-I
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ABSTRACT. In this paper, we suggest and analyze two new algorithm of
fourth and fifth order convergence. We rewrite nonlinear equation as an
equivalent coupled system and then use modified decomposition technique
to develop our algorithms. Convergence analysis of newly introduced al-
gorithms has been discussed. To see efficiency and performance of these
algorithms, we have made comparison of these algorithms with some well
known algorithms existing in literature.
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1. Introduction

To find the root of nonlinear equation of the form f(z) = 0, is the oldest and
basic problem in numerical analysis. Newton’s method is one of oldest and most
powerful formula to approximate the root of nonlinear equations. It has second
order convergence. Many modifications in Newton’s method have been made to
increase its convergence order using various techniques. Recently, many itera-
tive methods with higher order convergence have been established using different
techniques like Taylor’s series, Adomain decomposition, homotopy, modified ho-
motopy, decomposition, modified decomposition, interpolation, quadrature rules
and their many modifications. see [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] and references
therein. Chun [3] introduced some multi-step iterative methods using Adomain
decomposition. These method requires higher order derivatives. Later on, Noor
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[4, 5] established some multi-step iterative methods that do not require higher
order derivative using a different technique.

In this paper, some numerical methods based on decomposition technique are
proposed for solving algebraic nonlinear equations. For this purpose, we write
nonlinear equations as an equivalent system of equations and use technique in-
troduced by Gejji and Jafari [8]. Recently, several iterative methods have been
suggested by writing nonlinear equations as an equivalent system of equations
and then using different techniques. In section 3, we give detailed proof regard-
ing convergence of our newly established iterative methods. In the last section,
numerical results are given to make comparison of these algorithm with some
classical methods.

2. Iterative methods
Consider the nonlinear equation
fl)=0; z€R, (1)

assume « is a simple root of (1) and + is an initial guess sufficiently close to a.
We can write (1) as following coupled system;

T+y

FO) + @ =f (=5=) +9(2) =0, (2)
9(2) = f(@) = () = (e =) (), 3)
From Eq. (2), we have
R fO) gz
et e
Let
x=c+ N(z), (4)
where
e SO
[TE= )
and
_ 9@
N@) = =7 a3y (6)

Now, we construct a sequence of higher-order iterative methods by applying
modified decomposition technique introduced by Gejji and Jafari [8]. This tech-
nique consists a solution of equation (3) that can be written in the form of

infinite series:
o0
Tr = E i, (7)
i=0
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and using Gejji and Jafari [8] technique, we decompose the nonlinear function
N as;

N(Y w0 = Nwo) = SN a3) = N ) ®

Thus from Egs. (4), (7) and (8) we have

S = w0 NGao) + SV ) - MY ).
1=0 i=1 7=0 7=0

So we have iteration scheme as

g = C
rp = N({E())
T2 = N(IEO +£L’1) — N(iL’())
Tpnt1 = N(xo+ax1+...+z,)—N@o+z1+ ... +2p-1), n=1,2,...
When
T o
c
_ L T
)

From above relation, we can write the algorithm as follows;

Algorithm 2.1: For any initial value zy, we compute the approximation solu-
tion z,41, by the iteration scheme;

)
T
oy = ay— )
n n f/(:rn;ryn)

This algorithm has third order convergence and has been established by Frontini
and Sormani [1].
When
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From Eq. (3), we see that
9(xo) = f(z0),

by substituting in above, we get

SN {C) B )
FeE) ()
Using this, we suggest the following three step iterative methods for solving Eq.
(1) as follows;

Algorithm 2.2: For any initial value xg, we compute the approximation solu-
tion x,4+1, by the iteration scheme;

. f(zn)
Predictor Steps; Yn = Tp—
f ()
oo = Tn T T Ty
fr(Fegte)
Corrector Step; Tptl = Zn — %
fr=g=)

When

To + 1+ X2

$U+N(£L‘0+1‘1)
_ ~ g(wo + 1)
= To F(EeEmE)

.- f(@o +21) + f(20)
f/(xo+:2cl+’7)

8
l

From this relation, we formulate four step iterative method for solving Eq. (1)
as follows;

Algorithm 2.3: For any initial value zy, we compute the approximation solu-
tion z,,+1, by the iteration scheme;

Predictor Steps; n = Xp—
Y f'(xn)
o= e
f ( ) )
Un = Zn = o
f/( n‘2~‘ n)
Corrector Step; T+l = Zp — M

F(EF)



Some multi-step iterative methods for solving nonlinear equations-I 29

3. Convergence Analysis

In this section, we discuss in detail the convergence analysis of Algorithm 2.2
and 2.3 established above.

Theorem 3.1. For an open interval I C R let f: 1 — R and a € I be simple
zero of f(x) = 0. If f is differentiable and x is sufficiently close to a then three-
step iterative method defined by Algorithm 2.2 has fourth order convergence.

Proof. Expanding f(x) by Taylor’s series about «, we have

flzy) = ( )(enJche +03e +C46 +esed + . 9)
where ¢;, = % lj(gj), and e, =z, — a.
f/(:nn) =f (@)(1 4 2c2e, + 3cze? + deged + 5eselt + 6eged + ... (10)

Yn = Tp — f’(l'n)

From above equations,we get
Yn = a + cae2 + (2c3 — 2¢3)ed + (3cy — Teacs + 4cd)ed + (4es — 10cacy
— 6¢3 4 20c3c3 — 8cy)ed + .. (11)

Now, expanding f’ (%) by Taylor’s series about «,

Ty + Yn 3 7
f/(Ty) = f(){1 + coen + (3 + Zc:;)ei + (50203 — 26 + 504)62
37 3 5
+ (3¢ — Z03c§ + 50264 +4c3 + 1—605)6; + ...} (12)
Dividing Eq. (9) by Eq. (12)
Fxn) 1 15 1
7}0,(%;%) =e, + (—03 + ch)ef’l + (—10203 + 303 + 504)6?1
51 22 16
+ (—1—663 + > gk — 2cycq — 65 + HC5)62 + ... (13)
Now
Zn = Tn — /fw(ﬁzn
frE=5)
Putting values in above, we get
1 . 15 1
Zn=a+ (3 — 103)ei + (ZCQCg —3c — 504)6fl
51, 22 16 . .
+ (16 i — - 3k + 2coc4 — 65 + ﬁc5)en + .. (14)

Expanding f(z,) and f'(22322) by Taylor’s series about «,

1 4

Flon) = J'(@H(E = Jea)él + (eaes = 3k = sen)el
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51 22 16

+ (l—ﬁcg - 70303 + 2c9c4 — 65 + ﬁ05)ei + ...} (15)

Ty + 2Zn 3 1 1 21
f’(T) = f'(a){1 + caepn + Zc;;ei + (e — 7263 + 504)@% + ( 1 c3cs — 3¢

1 ) 3
— 5C2¢ + 17655~ gcg)ei + ...} (16)
Dividing (15) by Eq. (16), we have
F(zn) 1 27 , 73
f/(T‘ZZn) = (5 - 103)6731 + (deges — dcs — 504)631 + (§C§ - ZC3C§

5 11
+ 50204 + 1003 — 1—605)62 + ..

Corrector step of Algorithm 2.2 is

Tpil = 2 — f(zn)
J(age)
By substitution and simplification, we have
Tpy1 = o+ (degez —4c — %q)ei + (%c% - §03c§ + 20204 +10c5 — %05)62 + ...
(17)
Hence Algorithm 2.2 has fourth order convergence. (]

Theorem 3.2. Let f : I C R — R for an open interval I and o € I be simple
zero of f(x) = 0. If f is differentiable and xo is sufficiently close to « then
three-step iterative method defined by Algorithm 2.3 has fifth order convergence
and satisfies the error equation

1
Tpt1 =+ (—16363 +c5)ed +0(e8), and e, =z, — cv.

Proof. From Eq. (17), we have
1 27 73 5
Uy = a+ (4deges — 4c3 — 504)efl + (§c§ — Zcch +geacat 10¢5 —

Expanding f(u,) and f’'(£2£%) by Taylor’s series about «,

1
1—605)624—...,

1 27 73 5 11
fluy) = f’(a){(4020374027704)eﬁ+(—c§f—03c§+70204+1003——05)ei+...},
2 8 4 2 16
(18)
n T+ Up 3 1 1 5
f’(u) = f(a){1+coen+=cse +=ched +(c3—=csca+—cq)er +....}. (19)
2 4 2 4 16
o Flun) + £(on)
Up ) + [(2n
Tn4l = Zn — T, tu ’
+ 7( nJQr n)

by substituting values and simplifying, we have

1
Tpal =+ (710305 + c%)efl + O(eﬁ).
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Hence Algorithm 2.3 has fifth order convergence. O

4. Applications

In this section, we present some numerical examples to examine the validity
and efficieny of our newly devolped algorithms namely, Algorithm 2.2 and Al-
gorithm 2.3. We also provide comparison of these algorithms with Newton’s
method(NM), Abbasbandy’s method (AM), Householder’s method(HHM), Hal-
ley’s method (HM), Chun’s method (CM) [3] and Noor’s method(NR)[4]. We
use € = 1072°. We use th&)followin@ stgpfirjgl‘crigeria'

e
(i) [ (@n)]

< €

We consider the following nonlinear scalar equations for comparison:

fi(z) = sin*z—224+1=0
folz) = 22 —e"-3242=0
fa(x) = cosz—x=0
fi@) = (@-1°-1=0
fs(z) = 2°-10=0
fo(z) = eT HTz=30 _ 1 _ ).
Comparison Table
Examples Iterations Zn f(zn)
flv Ty = 1
NM 7 1.40449164831534122635086 —1.05¢ 59
AM 5 1.40449164831534122635086 —5.82¢°4
HM 4 1.40449164831534122635086  —5.45¢ 63
CM 5 1.40449164831534122635086 —2.01e~54
HHM 6 1.40449164821534122603508  1.82¢=25
NR 5 1.40449164821534122603508  9.23e~26
Alg. 2.2 3 1.40449164821534122603508  3.40e~25
Alg. 2.3 3 1.40449164821534122603509  2.32¢~44
f2, wo =2
NM 6 0.257530285439860760455367  2.94e~55
AM 5 0.257530285439860760455367  1.03e63
HM 5 0.257530285439860760455367 0
CcM 4 0.257530285439860760455367  1.05e 62
HHM 5 0.257530285439860760455367 —6.01e~2°
NR 5 0.257530285439860760455367  1.08¢=23
Alg. 2.2 3 0.257530285439860934975933  1.72¢69
Alg.2.3 2 0.257530285439860934975933  1.01e29
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Examples Tterations T, f(zn)
f3, o = 1.7
NM 5 0.739085133215160641655372  —2.04e 3!
AM 4 0.739085133215160641655372  —7.13e47
HM 4 0.739085133215160641655372  —5.04e %8
CM 4 0.739085133215160641655372 0
HHM 4 0.739085133215160641655372  3.91e~ 7
NR 4 0.739085133215160645628855  6.66e 18
Alg. 2.2 3 0.739085133215160641655312  3.21e~°
Alg.2.3 3 0.739085133215160641655312  1.21¢~100
f47 o = 1.5
NM 8 2.0000000000000000000001234  2.05e~*2
AM 5 2 0
HM 5 2 0
CM 5 2 0
HHM 7 2.000000000000000000000828 ~ 2.47¢~22
NR 5 2.000000000000000000000302  1.12e~24
Alg. 2.2 4 2.000000000000000000000007  1.83e~44
Alg. 2.3 4 2.000000000000000000000000  5.07e~27
f5a Zo = 1.5
N.M. 7 2.154434690031883721759235  2.05¢ 754
A.M. 5 2.154434690031883721759235 —5.01e%3
H.M. 5 2.154434690031883721759235 —5.03¢62
C.M. 5 2.154434690031883721759235 —5.01e 64
H.H.M. 6 2.154434690031883721759293  7.86e~27
NR.M. 4 2.154434690031883721759292  8.98¢ 24
Alg. 2.2 3 2.154434690031883721759294  2.00e~27
Alg. 2.3 3 2.154434690031883721759293  1.33¢ %0
f(;7 o — 3.5
N.M. 13 3.000000000000000000000000  1.52¢~48
A.M. 7 3.000000000000000000000000  —4.32¢48
H.M. 8 3.000000000000000000000000  2.01e~62
C.M. 8 3.000000000000000000000000  2.05¢~92
H.H.M. 12 3.000000000000000000000000  5.47e~25
NR.M. 6 3.00000010285594873990664  1.34¢~96
Alg. 2.2 4 3.00000000000000000000000  4.76¢3°
Alg. 2.3 4 3.00000000000000000000000  1.99¢~102

5. Conclusion

We have established two new algorithms of fourth and fifth order convergence by
using modified decomposition technique to coupled system. We have discussed
convergence analysis of these newly established algorithms. Computational com-
parison of these algorithms has been made with some well known methods for
solving nonlinear equations. From numerical table, we see that our new methods
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converge fast to the true solution of equations and are comparable with some
classical methods.
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